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OPENING PROBLEM 


Pamela's students claim that since an irrational number 
cannot be written as a fraction, it cannot be placed on a 
number line. 

To demonstrate that an irrational length can be represented, 
and therefore placed on a number line, Pamela draws this 
figure. 


Things to think about: 
a Find: 
і the area of the large square 
ii the total area of the blue triangles. 


b Using your answers to a, find the area of the red square. 
€ Hence explain why the side length of the red square is 4/5 units. 
d What is the perimeter of the red square? 


In Chapter 1 we encountered values such as V3, V5, and 4/8. These numbers are known as radicals. 


A radical is a number that is written using the radical sign Y. 


Radicals occur frequently in mathematics, often as solutions to equations involving squared terms. We 
will see a typical example of this in Chapter 5 when we study Pythagoras’ theorem. 


SQUARE ROOTS 


The square root of a, written ү/а, is the positive solution of the equation т? 


Va is the positive number which obeys the rule Ya x Va = a. 


=a. 


For example, V2x /2—2, V3x ү3 = 3, V4x V4=4, and so оп. 


We know that the square of any real number is non-negative. This means that: 


ya is real only if a > 0. 


HIGHER ROOTS 


In this course we will concentrate mainly on square roots, but it is important to understand that other 
radicals exist. For example: 


The cube root of a, written Ya, satisfies the rule (9/0) = a. 
If a» 0 then Ya>0. 
If a « 0 then Ya « 0. 


We can define higher roots in a similar way. 


RATIONAL AND IRRATIONAL RADICALS 


In Chapter 2 we saw that the set of real numbers R can be divided into the set of rational numbers Q, 
and the set of irrational numbers Q’. 


Remember that: 


An irrational number is a real number which cannot be written in the form 23 where р and q are 
q 
integers, q #0. 


Radical numbers may be rational or irrational. 


Examples of rational radicals include: 


2 
1 


va 
/5-0)-3 


Two examples of surds are У x 1414214 


and уЗ ғ 1.732051. 


An irrational radical is called a surd. 


If the number under the radical sign 
can be written as a perfect square, 


then the radical is rational. 


HISTORICAL NO А 


When the Golden Age of the Greeks was past, the writings of the Greeks were preserved, translated 
into Arabic and extended by Arabic mathematicians in the regions currently known as Iraq and Iran 
and also in Moslem Spain. The word surd came about because of an error in translation. 


The Greek word a/ogos meaning ‘irrational’, or “without reason’, was translated as the Arabic word 
asamm which means ‘irrational’, but also means ‘deaf’. Thus rational and irrational numbers were 
called ‘audible’ and ‘inaudible’ numbers respectively by the Arabic mathematician Al-Khwarizmi, 
from Persia, around 825 AD. 


This later led to the Arabic word asamm meaning ‘deaf? or ‘dumb’ for Gd 
irrational numbers being translated into Latin as surdus meaning “deaf or 25 
*mute'. The European mathematician, Gherardo of Cremona (c. 1150), (22. 
adopted the word surd. AE 


The origin of the root symbol Y іѕ not clear. Some sources suggest 
that the symbol was first used by Arabic mathematicians. It is believed that 
the modern square root symbol developed from the letter r which is the first 

letter in the Latin word radix, meaning ‘root’, from which we get the word /9 55) 
radical. 


SIMPLIFYING RADICALS 


In previous years we have established that: 


e yaxvb=yaxb 
ya fa 
vb Vb 


Example 1 | Self Tutor 


Example 1 40) Self Tutor 
Simplify: 
(v5)? 


Example 2 |40) Self Tutor 


Simplify: 
(245)? —2V5 x 3/5 
(24533 —2V5 x 3/5 
= 2/5 x 2V5 x 2/5 —-2x3xv5xv5 
=2x2x2x V5 x V5 x V5 =-6x5 
=8x5x V5 = 30 


= 40У5 


1 Simplify: 


(v7? 
(va? 


2 Simplify: 


(vay 


3 Simplify: 


4у3 x V3 

3V2 x 4/2 
—2V2 x (-3V2) 
(4v3)? 

v5 x (3/5)? 


b буйр « (Vi? 
f (vay s (v3) 

2\ V3 
! (x) vs 

b (усы 

b зух v2 

e -2у3х5у3 

h (3V2} 

к (4/3) 

n -2У8 x (5/3)? 


(8) 


€ У5хбу5 

f 3/5 x (-2v5) 

| (3/2 

| (2/2) 

o (2/2) х(-ту2) 


Example 3 4) Self Tutor With practice you should 


not need the middle steps. 


Write in simplest form: 


а V3x V2 b 245x342 


With practice you should 


Example 3 40) Self Tutor 


Write in simplest form: not need the middle steps. 
V3 x V2 2V5 x 3V2 
УЗ x V2 2v5 x 3V2 
= V3x2 =2x3x V5 x V2 
= v6 -6ху5х2 
= 6\10 


^ Simplify: 


a үх у5 b 3x 7 с V3x Vil 

d Vixv7 e V3x2V3 f 2/2 x (-v5) 
8 3V3 x 2V2 h 2V3x3V5 i 2xV3xvV5 
1 V3x V2x2V2 к -3/2x (V2ÿ | (3/2) x (V3) 


Example 4 | 


2 т 32 12 
Simplify: — дан 
An v2 2/8 
уй уй 
v2 2/8 
— EE Д 
= VE "HV tune Ga 
= | 
=à = 5У4 
52 
-1 


5 Simplify: 


уй у2 У18 
а Z b vi с 2 
‚уй (x ‚ Æ 
Уб v20 УЗ 
iS | © к 24 
v30 v2 VA 
6 Simplify: 
a Vs b /2 с 4/34 


7 a Prove that уау» = yab for all positive numbers a and b. 
Hint: Consider (y/avb)? and (Vab)?. 


-ү: for a>0 and Ь>0. 


b Prove that 


EE 


al ala als 


8 als 4у9-у16-49-16) Is v25- y16= 25 — 16? 
b Are ya+vb=va+b and үа vb = уа b possible laws for radicals? 


е 


т b13 сїз 424 e2V2 f4 

ауз һі 13 14 кё 1% 

2 ь-5 ci 

12 b 6 € 30 d 24 e -30 

-30 812 h 18 1542 — j 48 

1923 164 т 45у5 п -150V3 o —224 

vao b ул ГЕН 47 

6 1-2VI0 866 h 6/15 

уз 1443 k -12 1 16248 

2 b3 .. di e2 t3 
1 

3 hve i 15 ki 125 

1 4 7 9 

5 bs % 43 

(vai = Vélos fai b 


(Vab)? = vab x vab = ab 
a>0, b>0, (Vavby = (vab)? 


Usinga, Vb х у= bx = Va 


у= 


УЗ + VIG —3--4— 7, whereas б 16 = V5 = 5 
V9+ V16 4 /з +16 

V% — V16—5—4-— 1, whereas 92516 = V8 = 
v% — V16 z у25-16 


No, as they are not true for all a > 0, b> 0. 


